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Abstract:

It is a common experience in sample survey that data cannot always be collected for all units selected in
the sample at the first attempt and even after some call-backs. An estimate obtained from such
incomplete data may be misleading because of the non-response in the data. In addition, the population
mean of the auxiliary variable from the previous census may not be available. In this paper, Modified
regression type estimators proposed by Tum et al. (2014) in single phase sampling, assuming complete
response, have been proposed to estimate the population mean of the study variable in the presence of
non-response under two phase sampling scheme. The expression of mean squared errors (MSE) based
on the proposed estimators have been derived under two phase sampling to the first degree of
approximation. A comparison of the proposed estimators with the usual unbiased estimator and existing
estimators under two phase sampling scheme have been carried out. The proposed Modified regression
type estimators have been found to be the most efficient compared to the existing estimators and they
are recommended for use in practice.

Keywords: Modified regression type estimators, Study variable, Auxiliary variables, Mean Square Error,
Non-response.
1. Introduction to re-contact the non-respondents and obtain the
) ) ) information. Hansen and Hurwitz (1946) were the
It is @ common experience in sample survey that  fist authors to contract the problem of non-
data cannot always be collected for all units response while conducting mail surveys. They
selected in the sgr_nple. For example in a household suggested a technique, known as ‘sub-sampling of
survey, the families may not be found at home at non-respondents’, to deal with the problem of non-
the first attempt and some may refuse to cooperate response and its adjustments. In fact they
with the interviewer even if contacted. In general, developed an unbiased estimator for population

during surveys, it is observed that information in ean in the presence of non-response by dividing
most cases is not obtained at the first attempt even e population into two groups, Vviz. response

after some call-backs. The failure to measure or get group and non-response group. To avoid bias due
information from some of the units in the selected ¢, non-response, they suggested taking a sub-

sample is referred to as non-response. An estimate sample of the non-responding units. Neyman
obtained from such incomplete data may be (1938)
misleading because of the non-response. There are

various practical reasons for this incomplete developed the concept of double phase sampling in

information  due  to  non-response  like  gample survey. This sampling scheme is used to
unwillingness of the respondent to answer some  ptain the information about auxiliary variable

particular questions, accidental loss of information cheaply from a larger sample at first phase and

caused by unknown factors and failure on the part  rg|atively small sample at the second stage. Khare
of investigator to collect the correct information,  gnq  Srivastava (1993,1995) proposed  ratio

etc. The usual approach to face the non-response Is  nraduct and regression estimators when population

Grace Chumba, 1JSRM Volume 06 Issue 07 July 2018 [www.ijsrm.in] M-2018-65



mean of auxiliary variable X is known and non-
response occur only in the study variable in two
phase sampling. Singh et al. (2010) proposed
Exponential ratio and Exponential product
estimators when population mean of auxiliary
variable X is known and non-response occur only
in the study variable in two phase sampling.
Kumar and Bhougal (2011) proposed Exponential
ratio-product estimator when population mean of
auxiliary variable X is known and non-response
occur only in the study variable in two phase
sampling. Khare and Srivastava (1993, 1995) also
proposed ratio, product and regression estimators
when population mean of auxiliary variable X is
unknown and non-response occurs in both the
study variable and auxiliary variable in two phase
sampling. Singh et al. (2010) also proposed
Exponential ratio and Exponential product
estimators when population mean of auxiliary
variable X is unknown and non-response occur
occurs in both the study variable and auxiliary
variable in two phase sampling. Kumar and
Bhougal (2011) also proposed Exponential ratio-
product estimator when population mean of
auxiliary variable X is unknown and non-response
occurs in both the study variable and auxiliary
variables in two phase sampling. Tum et al. (2014)
proposed a regression type estimator that
combined regression estimator and ratio - product
type exponential estimator to form a new modified
regression estimator. This study will focus on Tum
et al. (2014) in presence of non-response in the
study variable only and in both the study variable
and auxiliary variables and develop their mean
squared errors by incorporate Arora and Lal (1989)
approach in writing down the mean squared error.

2. Notation

Consider a finite population of size N and a
random sample of size n drawn without
replacement. In surveys on human populations,
frequently n, units respond on the items under

examination in the first attempt while remaining
n,(= n —n,) units do not provide any response.

When non-response occurs in the initial attempt,
Hansen and Hurwitz (1946) proposed a double
sampling scheme for estimating population mean
comprising the following steps:

i)a simple random sample of size n is selected
and the questionnaire is mailed to the sampled
units;

i) a sub sample of size r = (n,/k), (k > 1) from

the n, non-responding units in the initial
attempt is contacted through personal
interviews.

Consider a finite population of size N. We draw a
sample of size n from a population by using simple
random sample without replacement (SRSWOR)
sampling scheme. Let y,and x, be the observations

on the study variable (y) and the auxiliary variable
X)  respectively. Let v_1s, and
(x) Y y Y =3 ;y,

2 1 S VA% i
s2 = N—1§(yi _Y) denote the population mean

and the population variance of the survey variable
y. When information on X is unknown then
double sampling or two phase sampling is suitable
to estimate the population mean. In the first phase
sample we select a sample of size n’ by SRSWOR
from a population to observe x. In the second
phase, we select a sample of size n from n’such
thatn < n by SRSWOR also. Non-response occurs
on second phase in which n units respond and

n,do not out of n units. From n, non-respondents
a sample of r = (n,/k), (k > 1) units are selected,

where k is the inverse sampling rate at the second
phase sample of size n. Let ¢ _ 1 <~ and
Y NliZ:l:y.

1 ¢ v.\2 denote the mean and
2 _
Sy(l) - N, _:|_izzl:(yi _Yl)

variance of the response group. Similarly,

S 1 & 1 7\
- — cand g2 _ _ denote
Y2 2%;y| Sy(z)—Nz—lé(yl YZ)
the mean and variance of the non-response group.
The population mean can be written
asy =W1?1 +W2V2a where
W, = (N, /N)andw, = (N, /N).Lety - 23y and
1 i=1

— 1 Ny
Y, :n_zyi denote the means of the n,

2 i=1

responding units and the n, non-responding units.

Further, let y =lzr: y, denote the mean of the r
I
= n,/k sub sampled units.

Thus, an unbiased estimator, due to Hansen and
Hurwitz (1946) of the population mean Y of the
study variable y is given by,
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9* = lel +W, §2r (1)
Wherew, =(n/n,), w,=(n/n,)are responding
and non-responding proportions in the sample. The

variance of 9 to terms of order n™* is given by,
v(y ) “loczvacz, | 2
where g N=N - _ W k=1
Nn n

2
c; =(s7/v") and 2, =(82,) /Y7

Let %, - ii xandy, _ 1 Z % denote the means

) o N, =1
of the auxiliary variable of n, responding units and
the n, non-responding units. Further, let

Xor = lixi denote the mean of the r = n, /k sub
i=1

sampled units. Thus, an unbiased estimator, due to

Hansen and Hurwitz (1946) of the population

mean Y of the study variable y is given by.

X =W, X1 + W, Xar ®3)
wherew, =(n/n;), w, =(n/n,)are responding and
non-responding proportions in the sample. The

variance of 9 to terms of order n™* is given by,
o 2 2
V(x ) “locz+acz, | 4)
where ¢? = (s IX ) =(s2 /xz)
:__1 3+, _xyand 1 Sy %Y
S _ig(x,—x) S Nz_lﬂ(x,—xz)

y=Y(l+e,) x=
E(eo) = E(e1) =
E(es) = V(y*):YZ{GC +ch(2)}
Ee) = V(x)= Yz{ec +;tcf(2)}

E(e1e0) =V (y*,x*) =Y Y{epyxcxcy + pr(z)cx(z)cy(z)}

Where  p,, =S, /3,5, Py) = SVX(Z) / Sy(Z)SX(Z)
Sy C Cy.
— X kK = Yy k 0= Py _ye
p2 SZVSZX yX pyX Cx " - C><2

N,

S RA LSS

2 4

N _ —
S :ﬁé(yi —Y)(xi - X) Sy = N

1 ™ —\2 _
SZV:—N _1§(yi_Y2) 0= NN
H,:n’—n’ ﬁ,—N n’ and5 Wz(k l)
n'n Nn' n
A —i(CT) Adj(A)
A=A
R
(i) Arora and Lal (1989)
%

(5)

The following notations will be used in deriving
the mean square errors of proposed estimator

|R|yX Determinant of population correlation matrix
%p

of variables vy, x,, X,
R|, Determinant of population correlation matrix
%p

of variables x,, X,

3.1 CASE 1: When there is incomplete
information on the study variable y and
complete information on the auxiliary variable
X.

When the population mean X of the auxiliary

variable ‘X’ is known, the two phase ratio estimator
by Khare and Srivastava (1993,1995) is given by,

. X
=y = (6)
X
The MSE of the estimatort,, ;
MSE(t,,) =Y [9(:2 +(6-2)CZ(1-2k,,)C? +5cy2(2)]
(7)

When the population mean X of the auxiliary
variable ‘X’ is known, the two phase product
estimator by Khare and Srivastava (1993,1995) is
given by,

=y (8)

><||><|

The MSE of the estimatort,, ;

MSE(t,)) =V?| 6C] +(0-2)C (L+ 2, )C} +6CF, | (9)

When the population mean X of the auxiliary
variable ‘X’ is known, the two phase regression
estimator by Khare and Srivastava (1993,1995) is
given by,
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teer =Y +ﬂ(X _Xj (10)

The MSE of the estimatort., ;

MSE (tze,) =V (6C; +(6-2)(1- 3, )+ 5C},))
(11)
When the population mean X of the auxiliary

variable ‘X’ is known, the two phase exponential
ratio estimator by Singh et al. (2010) is given by,

X —x
tERl y eXp —
X + X
The MSE of the estimatortg, ;
MSE (t.q,) =V {acf +(9-/1){c§ %(1- 2kyx)Cf}+ 5cj(z)} (13)

(12)

When the population mean X of the auxiliary
variable ‘X’ is known, the two phase exponential
product estimator by Singh et al. (2010) is given

by,
X=X
tEP1 eXp _,
X + X

The MSE of the estimatort,,, ;

(14)

_ 1
MSE(tEPl) =Y? |:9C§ +(0_/1){C; +§(1+ 2ky><)cf}+§cyz(2):|

(15)
When the population mean X of the auxiliary
variable ‘X’ is known, the two phase exponential
ratio-product estimator by Kumar and Bhougal
(2011)is given by,

terer = Y €XP| @ X % +(1-a) g_i (16)
X +X X+ X

The MSE of the estimatort .., ;

— B, B
MSE (tegey) =Y ? I:H{Cyz + AE[AZ - 2kyxjcf } + 6C§(2)}

(17)

Where

A =0C2, B,=0k,C? and o= 2t2B:
2A,

3.1.1 Proposed Modified Regression Type
Estimator in Two Phase Sampling in the
Presence of Non-Response in the Study
Variable Only.

The modified regression estimator proposed by
Tum et al. (2014) is given by,

tee =y B(X - X))[anp(;iJ (- a)exp[ZHD(w)

We will consider the above estimator in presence
of non-response in the study variable only and in
both the study variable and auxiliary variables.
When there is incomplete information on the study
variable y and complete  information on the
auxiliary variable x, our proposed Modified
regression type estimator in the presence of non-
response will be given by,

o]

(19)

Substituting (5) equation in (19) we get,
{Z Z(1+ezz)J
aexp ) —
z z(1+e12
+(1- a)exp{
Simplifying (20), we get

e

+(1—a)exp[

IV (20)
_ (Y (1+ e )—,BeXQ) e

Z+Z 1+ezz

)
)
: [M;J )

(21)

t7 = (ét’z +V —,Béxz

Expanding and ignoring the second and
higher terms for each expansion of product
and after simplification we can write

t7 :V+é;2 —,Béxz +Y(;—a)ez2
The mean squared error of t, is given by,
MSE(t,) = (t —Y) [eyz Bey, +Y (%—ajezzj (23)

Squaring the right sides of (23) and taking
expectation and using (5), we get,

(22)

MSE(t,) = 6Y°C} + AY°C, + B°0X°C}
(L, ozic vor(Loa |oxic.c
+Y E—a ZC; +2Y E—a XYC,C,p,, (24)
—2BOXYC,C,p, —2Y (;—aj BOXZC.C,p,,

Expanding (24) by opening brackets we get,
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MSE(t;) =6V °C; + AY*C2, + f0XC} +411Y 297°C?

~aV?0Z'C2 V7?07 C+Y?0XC C p,, (25)
—a2Y?07C.C,p,, - 2BOXYC,C,p, - Y BOXZCC,p,,
+a2Y fOXZC.C,p,,

Differentiating (25) with respectto« and g and
equating to zero gives

YC
= y _1 1+1 R
P o5e Rl T IRl
1 C

Ty (LR (26)
o 2+ZCZ‘R2X2‘( ) ‘ yz

Using normal equations that are used to find the
optimum values of @ and £ (26) can be written
in simplified form as

MSE(t,) = E[ey* [ey* — Pex+Y G—ajezn (27)

Simplifying and taking expectation, we get,

yxz

 T2~2 722
MSE(t,) = OV °C} + AY °C,, 28)
- BOXYC.C,p,, +Yal¥ ZC,C,p,,

Substituting the optimum value in (26), we get,

MSE(t;) =6V ’C +2Y°Cl,,

Py
Real ™" Ry

YC __ (29)
- —2—(-)*R,| |#XYC,C
[XCXRZXZ ( ) YX yxz] y xpyx
{1 (1 C o=
+Y | S| Z4e=—L—(-D**R | [|lo¥ZCC,p,
[2 [2 ZC,|R,,| Ytlya Yoy
Simplifying (29) we get
_ (_1)“1 R X (_1)2+1 R 7 _
MSE(t,) = 0V7C?| 1- e - e AV, (30)

We can rewrite (30) as,

WZCZ
MSE(t) =‘T‘y(\szz\+(—l)l
2x2

We can also rewrite (31) as,

R

2 722 31
Pt R pyz)+/1Y ¢z, (31)

N/ 22

c _
L|R| 4+ AV2CE, (32)

oY
MSE(t,) =~
2x2

Using Arora and Lal (1989) in (32) we get.

MSE(t,) = 0¥ °CZ (1- p2,, )+ AV?CZ,  (33)

3.2 CASE 2: When there is incomplete
information on both the study variable y and
the auxiliary variable x.

Khare and Srivastava (1993, 1995) proposed ratio
and product estimators under case 2. When the
population mean X of the auxiliary variable ‘X’ is
unknown, the two phase ratio estimator is given

by,

tR2 — 7* i(_* (34)
X
The MSE of the estimatort,, ;
0'{C; +(1-2k, )C?}+

y

MSE (t,,) =Y (35)

5{cj(2) +(1-2K,, )C2 } +AC?
When the population mean X of the auxiliary

variable ‘X’ is unknown, the two phase product
estimator is given by,

—%

X
tp2 =Yy - (36)
X
The MSE of the estimatort,, ;
0'{Cl+(1+2k,)C7

MSE t,,) =Y (37)

2 2 1~2
+8{Chy +(1+ 2K, JCL |+ 2C

When the population mean X of the auxiliary
variable ‘X’ is unknown, the two phase regression
estimator by Khare and Srivastava (1993, 1995) is
given by,

teer =Y + ﬁ()_(’ - )_(*j (38)
The MSE of the estimatort,_,;

0C:+2(1-p*)C?
+0 (Cj(z) Ky (kvx - ZkYX(Z))CXZ(Z))

When the population mean X of the auxiliary
variable ‘X’ is unknown, the two phase exponential
ratio estimator by Singh et al. (2010) is given by,

tep, =Y eXp()_(, —x J (40)

MSE (t,e,) =Y (39)

—k

X +X
The MSE of the estimatort,g, ;

9'{03 +(1—4kyx)(f}

CZ
2 Xo ~2
+5{Cy(2) + (l— 4kyx(2) )4} +A Cy

(41)
When the population mean X of the auxiliary
variable ‘X’ is unknown, the two phase exponential

MSE (te:,) = y?
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product estimator by Singh et al. (2010) is given

by,
. X —x
tep, =Y €XP .
X +X

The MSE of the estimatort,,,;
CZ
9'{c§ +(1+ 4kyx)4X}
2

5{C2, +(1+4k S, A'C:
+ y(2)+(+ yx(z))4 +A'C,

(42)

MSE(tep,) = y?

(43)

When the population mean X of the auxiliary
variable ‘X’ is unknown, the two phase exponential
ratio-product estimator by Kumar and Bhougal
(2011) is given by,

The MSE of the estimatort.g,;

9’{c§+82(82—2kw]c5}
) A A

MSE(tERPZ) =Y
+0 {Cj(z) +i§(i§ - 2kyijf } +A'C}

(45)

Where A, =0C;+5CJ,),
+2B
B, = 0k,,C} + 3k, Cl, o= Azz_Azz
3.2.1 Modified Regression Estimator with Non-
Response in both study variable and the
auxiliary variable
Following Tum et al. (2014), we define the

following estimator for Y in the presence of non-
response in the study variable and auxiliary
variables as:

s o e

(46)

Substituting (5) equation in (46) we get,

(47)

Z+z(1+ez*)

+(1—a)exp{z(1+ez*)z}

z +Z(1+éz*)

~—

t=(V(2re,)-pel

Opening brackets and ignoring the second and
higher terms for each expansion of product and
after simplification we can write t;as

LoV 46, — for +Y[;_aje;‘ (48)
The mean squared error of t, is given by,

MSE(t,) =E (t,~Y ) = E[ey* —fe +Y G—ajez*jz (49)
Squaring the right sides of (49), we get,
e T [;) ool | g

MSE(t,) = E
_ze;/se;_zv(;_aje:ﬂe:

Taking expectation and using (5) in (50), we get,
MSE (t;) = 6Y °C} + AY °C], + 6X*°C} + AX* B°C},,
1 S —2
+V2(7—aj (ez C2+az'cE )
2 (2) (51)
ov( L Y X (6p,,C,C, +2p,,»C,»C
+ E_a ( (epyz ™y + pyz(z) 2(2) y(Z)))
=28 XY (89,C.C, + 29,2 Co2C2))
_ (1 —
2y ﬂ(a —aJ(Y X (60.C.C+ 292 CsCupy ))

Expanding and differentiating (51) with respect
toa, o, fand A and equating to zero gives

YCy 1+1
=— 7 (-D*™|R
N Ry
YC
* :¢(_1)1+1(_1)1+1 R *
/ XC,) R 22 " v
a=li_ S D> R,
2 ZC, ‘szz‘ yxz
C
@ =ti_ 0O (CqyenlR (52)
2 ZCz(Z)Z R 2x2 Y

Using normal equations that are used to find the
optimum values of« and /£, (52) can be written

in simplified form as,

MSE(t,) = E[ey* (ey* —pex +Y @—ajeij] (53)
Expanding and Taking expectation and using (5) in
(53) we get
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MSE (t;) = 0¥ °C2 + AY °CZ,, - fXY 6p,C,C,

(54)

yz=zTy

ERVaVA \/ l VAV
~ 2" XY s CrioCyn*Y (2 - aj oYX p,C,C

— 1 * VY
+Y (2—(1 jle XPya(2)CaCota

Substituting the optimum value in (52), we get

c,
XC,R.d]

_ C
R @
2 (2 ZC,|R,,|

_ YC __
+2Y 2C5(2) _[ X ¥(2) ‘ (_1)1+1(_1)1+1 Ryx* WZ]&XYC C pyx(z)

_ C
+Y E_ E+ _ ¥(2) - (_1)2+1
2 (2 Zcz(z)z R zxz‘

(_1)1+1 R

YX

MSE(t,) = 0V °C? —[ WJGXYCYCxpyx

(55)

Rw*sz’W 28,5 Cp Py

Simplifying (55) we get

(_1)1+1 Ryx ‘yxz

Py
‘RZXZ‘ ’

(_1)2+1 Ryz
B ‘RZXZ‘

yxz

MSE(t,) = 6Y “CZ| 1- psz
(56)
(_1)2+1 .

R’
yxz
Pyi(z)

*
‘RZXZ ‘

o [ CO7RY
+/1Y2CYZ(2)[1—R ‘ y Poia) -
2x2

Or
oy 2C? AY 2C?

MSE (t,) = LR+ 2R

‘RZXZ

R (57)
‘ R2 yxz

yxz

><2‘

Using Arora and Lal (1989) in (57) we get,
MSE() = 07 °C2 (1~ pf . )+ AV°CL, (1-p%,)  (58)

4. Simulation, Result and Discussion

1) Study variable N = 500, n, =75,
75 0=10

n=50 u =

i) For ratio estimator the auxiliary variable is
strongly positively correlated with the study
variable and the line passes through the origin.

N=500, n, =75, n=50 u =55 c=9.4
p, =0.7018

lii)For regression estimator the auxiliary variable
was strongly positively correlated with the study
variable and the regression line does not pass
through the origin.

N =500,
0 =3.29

n=75and n=50. u =22
P, =0.8114

Iv)For product estimator the auxiliary variable was

strongly negatively correlated with the study
variable.

N=500, n,=75 and n=50, x4 = 34 ¢ =5.10
p, =—0.7477

The percent relative efficiencies (PREs) of
different proposed estimators were computed with

respect to a usual unbiased estimator y* for
different values of k.
var (v*

PRE(f)= M*loo (59)
MSE (f)

Table 1: Percent relative efficiency of different Y
estimators with respect to Yy when the non-

response is on the study variable only in two phase
sampling.

Estimators }/
In this section, we carried out some data K
simulation experiments using R statistical % % % %
Fr::))girﬁ;nd :((a) compare _the performance of v 100 | 100 | 100 | 100

gression estimators in two phase

sampling with non-response in either the to, 110 | 114 | 116 | 117
study variable only or both the study variable
and the auxiliary variable with already to, 101 | 101 | 102 | 105
existing estimators in two phase sampling for
finite  population. In the simulated tres 1291140 | 143 | 157
population, the study variable and auxiliary t 126 | 135 | 138 | 150
variables are normally distributed. ER

tops 106 | 107 | 110 | 111
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126 | 136 | 139 | 151

tERF’l

t, (Proposed) | 139 | 155 | 161 | 183

The Percent relative efficiencies of all the
estimators in the Table I increases as k increases.
Our proposed estimator (t,) is the most efficient
among all the estimators since it has the highest
Percent relative efficiency when the non-response
is on the study variable only in two phase sampling
Table 2: Percent relative efficiency of different Y
estimators with respect to y*when the non-
response is on the study variable and also in
auxiliary variable in two phase sampling.

Estimators %

B | K| K
v 100 | 100 | 100 | 100
toy 104 | 105 | 133 | 119
to, 102 | 105 | 106 | 106
tees 202 | 205 | 213 | 219
tens 176 | 180 | 191 | 181
tep, 154 | 138 | 133 | 124
terp 197 | 174 | 182 | 180
t, 269 | 268 | 273 | 261
(Proposed)

Our proposed estimator (t,) is the most efficient

among all the estimators since it has the highest
Percent relative efficiency when the non-response

are on the study variable and the auxiliary variable
in two phase sampling.

5.0 Conclusion
Based on these study results, the proposed
estimators t, and t;are recommended for use in

practice when non-response is on the study
variable only and on both the study variable and
the auxiliary variable in two phase sampling
respectively.
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