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ABSTRACT

At each review, the quantity ordered is a multiple of Q, nQ and the reorder level is R. The backorder cost Cg(t)
is taken as a question function of t, the length of time of the backorder. Cg(t) is by+b,+bst®.

The paper firstly gives the basic mathematics required for the analysis. The demand for, is assumed to follow a
normal distribution.

The expected backorder cost is derived.

The inventory costs are derived superlatively for the factors by, b,, and bz of the quadratic costs. By setting the
bi1, b2 and bs to zero we have the inventory cost that is not time dependent.

Setting bz alone to zero, we obtain the inventory costs when the backorder cost is a linear function of the time
of backorder.

Key words: Backorder costs.
INTRODUCTION

In this paper the cost depending upon the length of time for which the backorder exists is taken as a
quadratic cost. Without inventories to meet orders, customers would have to wait until under orders were
filled from a source or were manufactured. The time lag could result in quadratic cost.

Organizations that stored thousands of products could face severe inventory costs when the backorder cost is
a quadratic function.

LITERATURE REVIEW

The simple models of economic backorder inventory control model and the (nQ,R,T) model for linear
backorder model were extensively dealt with by Hadley and Whitin (1972).

Uthayakumar and Parrathi (2009) investigated a continuous review inventory model to reduce lead time,
yield variability and set up costs simultaneously through capital investments. The backorder rate is
depending on the lead time through the amount of shortage. Zhang and Dathwo (2003) developed a hybrid
inventory system with a time limit in backorders.

BASIC MATHEMATICS
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Basic Mathematics is well developed in Hadley and Whitin (2009)

Let Z, (xT) = [ W sp =~ ("—“) dt (1)

o2t
Integrating by parts we have
1
] 1 (x—DL)\? T
ZolNT) = 2T Tz P z(xaﬁ)l
0

1
T 2t"2 x—DT D (x—DT) -1 (x-Dt\2
Jo : (m) (m+ 20t3/2>951’ 2 (m) dt

JZva (n+ti)

Simplifying

T

_ 2t"2 es (x—Dt) n D? o2 fT gt es 1(x Dt) dt
_\/2n62(2n+1) p Vo?t o 2n+1) 0 V2mo?t p 2 \Wo?t

x2 (T gn-1 -1 (x-Dt\?2
_Ffo 2m02t(2n41) esP?(\/azt) dt
Hence

2
Zn(x,T)2n+ 1)~

20.2 TTL+1 -1 x—Dt
= e (520) + T (o) — 2 () )

Hence we have

202Tn+1 -1 (x-Dt\2
Zun(@ 1) = prp—esp (72) )

+(22) 022, (0, 1) + 3  Zp1(x,T)

LetF (75) = I memeon s () v

Let Ry(x,T) = [ t"F (’;;_’jtt) dt n=012..

Integrating by parts we have

e
b i o S e 2 ()

Hence substituting in Zp+1andT, (X,T)

R,(x,T) =

T+l Dt\ -D
Rn(x, T) = +1 F (f/_) 2(n+1) Znt1(6,T)
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—X
2o Zn(0T) n=012 ... @

2000 T) = F (7z) — e (33) 7 (72)

Z,(x,T) = [ t F(x, Dt)dt

2
Zo(x, T) = x—Dt) dt

foT —[1— esp (\/T
2no2t’/2 ot

T t Y2 -1 (x-Dt\2
0 VZTL’O‘Z €SP ( crzt) dt

Integrating by parts and applying
-1 (x-pt\?\ _ (x-Dt\( D , (x-Dt -1 (x-Dt
0 (eSPT(m) )— =) (== ) esp =)

Zo(xT) = [v— esp 1(%)2] :

0
T t'2 ((x—Dt)D (x—Dt)Z) —_1(x—Dt)2 gt
0 V2mo? o2t 202t2 esp 2 o2t
Simplifying
1
g -1 (x-Dt)? D_ZTT t -1 (x—Dt)?
ZO(X'T) ~ V2mo? esp 2 (m) + o2 fo VZnaZteSp 2 (m) dt

0

el esp _71 (X_Dt)z dt

_Z 0 V2mo? Vo2t
Since

T t -1 (x—Dt\?2
Zl(x' T) = fO \/Znaztesp7(\/ﬁ) dt

Hence substituting Z; (x, T) into Zo (X,T)

2t'/2 Dt
Zo(x,T) = 2l esp 2 (32) ]+ Dy (,T)

x2 T t /2 —1 (x-Dt Zdt
_Ffo V2mo? esP?(Vazt)

) L7 (2) e (2

Hence substituting into Zo(x,T) and simplifying

D2 0z, D -1 (x-Dt\?
Zo(0T) =52, (6, T) + 522 (4, T) = B Zo(x, T) + [«— esp= (=) ]
0
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Hence

_ - 21T 2 2
Z,(x,T) = —[ 24 esp— (3=) ] +Z(1+2) 2o (2, 1) - T2 222D
0

270, 2 D2 ox

This gives Z,(x,T) in known quantities
. 1 (x-DT 2Dx 2Dx x—DT
Since Zy(x,T) = B(_TZT) —esp (GZ—T) —esp (0—2) F ( - )) (5)
Hence differentiating with respect to x
9Zo(xT) _ =1 (x-DT\?> 2D 2Dx x—-DT -1 (x-Dt\?2
ax oP ( aZT) g2 &SP ( o2 )F (x/FT) + D\/27r(52 €SP (m)
Hence substituting Z, (x, T)and % into Z;(x,T) and simplifying we have
_ 2\/_ -1 (x-Dt\? | o? Dx\ . (x—DT 1 o2 2Dx x—Dt
4 T) = e () +5(1+2)F ()t (- F)er G F(G) ©

From equation 2 lettingn =1

62T2 -1 (x-DT\? | 302z x2
Z,(0T) = —esp— (=) + 22 Z (0, T) + 5 Zo(X,T) 7)
Similarly
262T3 -1 (x=DT\? = 502Z,(xT) . x>
2300T) = Grmemesp; () +7 e+ 400 )

Substituting for Z, (x,T) in Z3 (X, T) we have

20373 -1 (x-Dt 56 [ —202T? 1 (x-Dt
Z3 G, T) = - D?V2mo?T esp 2 ( azt) Dz (DZVZTEGZT €sp 2 (\/ﬁ)
302 x2
+§Z,(X, t) + EZ,(X, T)
Simplifying and remembering that
x-Dt -1 -1 (x-Dt\?
9 (m) - Ee5p7(m)

We have

£(Tz+ﬂ)g(x Dt)+Zl(x T)( ) 1507 (x,T) 8

Zé(xJTD = D2 Vo2t

For the periodic review model, the variance for a time interval of length t = o2t if the inventory position of
the system is R + y immediately after the review at time t, then the expected backorder costs at time t + L

=< IiD], D f 22 g (B5F) dzdtdy 9)

Similarly the expected backorder costs at timet+ L + T
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_1 LCg(t—-z) (R+Y-Dt

=< I D [y 252 g (Y= dzdtdy
Nothing that Cg (t) = by + byt + bst®
And substituting into 9 and 10

Expected backorder costs at time t + L

— %fOQDf fl CB(t Z) (R+Y Dt)d dtdY

T
Andtimet+ L
_ —f DfL+TDf1b1+b2(t z)+Tb3(t z)zg(R:L/;)t)d dtdy

dealing with first integral is

_ D (Q (L,, bjo%t byo’t (R+Y-Dt\?  bVoZt (R+Y-Dt
—_f f(b1 - -

D2 D2 Vozt D VoZt
R+Y-Dt Jo2thbs bgo'zt R+Y-Dt
F(va—)+ff< Dz(m)>
R+Y-Dt
( — )dtdY

Integrating with respect to Y we have

S 1 (652 - ()P ()

D\/aTblf (g (R+§2—£)t) (R+Q Dt)F(R+Q Dt))

et (o0 (52 )P () - ()8 (o

e, e () +2)s () - (522):
(1452 ) ()
+:;gQD fOL t3/ ((R-:/iTDt) >+2) (R-:/Q_tDt)

_ (R:-/?IT—tDt) (1 + (Rj%t)z) F (R-:/iTm)> dt
Integrating the b, factor first
el (58 - () ()

R-Dt
Vo2l

LetV =

)) dt

b;;QD X t<<1 n (R-:/(%Dt) ) (R+Q Dt) (R+Q Dt) g(_—

(10)

(11)

(12)

(13)

(14)
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Then we have

—¥e Lblm [ J“T(g(V) —VF(V))dV
Tot

Nothing that

[ X PG dx = %F(x)]: [ g dx
When n =0

J,, F(x)dx = g(k) — kF (k)

Whenn =1

S Py dx =5 ((1 = k)F (k) + kg(k))
When n =2

J x?(x) dx = %((1 — k2F (k) + kg(k))

Then we have

R-Dt
Jo2LbVo?LD /521 .
— 00 Jar(8V) —VF(V)av

Integrating and applying the above results we have

el

-D

~

blO' LD

5

[FO) =2 =VvAFW) +vg|'s"

2

~

g

Simplifying then we have

Db, %L R-DL\?2 R-DL R-DL R-DL
(14 (52) ) (52) - (52) e ()

Then the b, factor gives (14) and (16)

(o4 () ) r () - () (52)

) R+Q-Dt\?2 R+Q-DL R+Q-DL
(10 () ) (S - (B))
Take the b, factor and the expression for

R-Dt

=
We have

e (14 G (ER)a30)

only

(15)

(16)

(17)

(18)
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Simplifying we have

b,D 24 R*  2DRT | D*¢? R-Dt\
2DQf Q ((1+62t o2t + azt)F(\/ﬁ)

L th" R-Dt
(R, 1) = f) e () de

and

Ra (R,L) = [[t"F (’jﬂ)dt

Then integrating (18) we have

20QD

substitute for Ry (R,L), R (R, L) and Z; (R,L)

from equation 6, 7, respectively

Vo2l

R%Z R
DO (R, L) - Zzl(R; L)

2QD

302
Ezl (R) L) -

+D?2 <£F (R-DL) n ng (R—DL) (DLZ + so2L

3 Vo?lL D2 Vo2l

Dby [ p2 (LF (=) - 2ZR L) -2 7R, L)) + (o + ZDR)(gF(

4 1)

1362 = 302%R 302R2
P <(6D HTIIREETE )Zl(R’ L)+ ( 6D3 6D2)ZO(R L)>

_2 2 ZO'L R-DL
0?RZ,(R,L) + Do (5 g (=)

simplifying we have

(R L+ (o2 - 2DR)= . L3)F(ﬂ)

Vo2l
_ZQDZijaT( (RD—_ D2 (DL2 302L

T (35 @ - 2Ry -7 (w Hat
o (BL+ (@ I (77

substitute for Z, (R,L) and Z, (R,L) from 5,6,7 equation respectively then we have

(R L+ (o2 - 2DR)= . LS)F(%)

b,2Vo2L (—aZDL n D?RL D312
2QD?2 4 2

b, (—DR2 36*  60°R DR? 150*% %R

2Q 2 4D 4 6 6D 2

30%R
6D2

7+ +0etL) e ()

1))

(=) )

(R,(R,L) + (6% — 2DR)R,(R, L) + D?R,(R,L) — 6*RZ,(R,L) + Do?Z,(R, L))

302 R?
+=22,(R, L) +;Zo(R, 1))

2DR?
4

R—-DL
Vo?t

(19)

R—-DL
g vVo?t

(20)

)=2@? = 2DR) - 0?R +327,(R, L)

(21)
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o? (-R® R?%0% _ R® 30%R?> R3®  0©?%R? R-DL 2DR
<§(7— w7 o et o )*(F(«—azL)‘eSpcz—LD (22)

Simplifying we have

+b2(D2L3 o*R . DL?R 02R2+62LR2 R3 06) (R—DL)

Q B Vo?lL

6  6D3 2 4D2 2 6D  8D*

P (VL (L T 2 g (S0) ) 4 2o (22) £ (32)
which we define as

ZG5(R,L) (23)
from equation (6) considering the bs factor and expression for % only we have
oy (20 + 2) (552 - (S30) G+ (520 (529 o
Expanding

= L [(Vo7t (R? - 2R Dt + D?t?) + 20°t) g (=)

"~ 3DQ Vo2t
(UZtR Do?t? R3 3R?Dt n 3RD?t2 D3t3) F (R—Dt) dt (25)
D2 D2 3D? 3D2 3D2 3D2 o2t

Re-arranging in powers of t we have

i 24 2p _ 4 2 2.3 R-Dt
3DQf = (R?Q?t — t*(2Do?R 20)+D0t)g( )dt

2 [((6”R - DRt + t2(RD)* + & — “2)g (") (26)

ZD2

Integrating we have and nothing that

e (R ) dt = Z,(R,yand [t" F (5==) dt = Ry(x, L) 27)

We have

e (R2 2Z1(R,L) — (2D6*R — 26*)Z,(R, L) + D?0?Z3(R,L))

3 2
_;’—30 (62R — DR®)R,(R,L) + (RD* — Da*)R,(R,L) + R;Ro(R. L) - D;Rs (R, L)>

Substituting for Z,(R,L)
Z3(R,L), Ri(R,L),R2 (R,L), R3(R,L) and Ry(R,L) from 8,6,6.6 respectively

Then we have, nothing that

() - e 2(22)

Equation 27 gives
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bs R204(1 DR)F(R—DL)_ZRZGZVGZL (R—DL)
3DQ| D3 o2 o2l D2 g o2L

R20? (R—0? 2DR ., (R-Dt 2 4 R—DL Go?
5 () esp 2 F ()| + @Do*R — 200 P 1 ()~
(D6?R -0 2R —0%)Zy(R,L)
o2 09°VoiL (15 | 50°L R-Do 2 2 150* 3D2%g* R2
2D? 22 (L ) (5==) + %o (D2+ E2) 2, (R L) + 2 R?Z0(R, L)
Db3Zy(RL) (=70*R® | 20*R*  R® 50%R? = 502%R3 R_4_ R*  350*R?
Q ( 12D3 3D*% 12D?2 + 6D? + 8D3 + 6D2  24D2 24D*% )

12D3 12D 12D2 ' D*  4D2 ' eDp* ' 8D  8D3  24D?  24D*  24D?2

Db321(R,L)(702R3 R? 2106%R . 20® ©¢2%R? 15¢® R? 150*R  70%R? 1050° 3a3R2)
Q

T e e S ———

2Vo2L (R—DL)( 706%RL = 20*L R?L 0%L*> 30*L L?RD . 30*RL D?L® 70%L%

D2 o2L 12D2 3D2 12 6 6D2 8 8D 24 24
350%L  RZL L?06?R  L?R? L®R  L3¢%* R3L . L3D R-DL
-2 - ——+——+—+—)F (28)
24D 24 2D 2D 3 3D 3D 12 o2

Simplifying we have

6

2p2 4p2 4
DszO(RL)( aR_I_UR) Dsz(RL)( o*R o

24D?2 24-D3 24D*% 24D 12D 8D3 8D*

—2DVa?2L (R—DL) (GZLD c*L R2L 02L2+L2RD D2L3)b3

pz 8\Vorr)\zap T2ap2 8 8 8 24 /0

__ Dby (R—?L) (—LZO'ZZR L?D? _ L3_R L3¢? _ R_32 n L4_D) (29)
Q o2L 2D 2D 3 3D 3D 12
Substituting 5 for Zy (R, L), 6 for Z,(R,L) we have
bs R—DL) 2DR (R—DL) ( Ry o?R3 04R2)
Q <F ( o2L p F oL 24D? + 24D3 + 24D*%
b3_D(0'_2( %) (R—DL) _ 2Vo62L (R—DL) L(R—oz) 2DR <R+DL)
Q \D3 1+ o2 F o2l D2 8 Vo2l ol D2 D p F Vo2l
(R_3 o?R? a‘*_R a_3) _ 2DVo2L (R—DL) 6%LR o*L ﬂ _ o2L2 n L2RD _ D?L2
24D 12D%2  8D3 = 8D* D? Vo2l (24D 24D2 8 8 7 24
R-DL o?L2R = L2R? L2R  L3%:% R?L  L*D
+DF (\/ L) (_ 202 T 20 T3 T _E-I_?) (30)

Simplifying we have

bsD ( R* o?R? | o?R?  oSR  o® L?062R  L?R?> RL®  13¢? RSL , L*D o*R  o°
5 2 4 + 5 + an8 an? 2 N ETE _2 + 4 + an6 + an6
Q \12Dp 6D 4D 4D8  8Dp7 2D 2D 3 3D 3D 12D 8Dé = 8DS
b3 R-DL\ ,06%RL , ¢*R , R?’L 2 o%c?  o*R | of
2Vo?L.Dg (T ) (G + o o — CEYPR-E B o foRy
Vo (2403 24D* ~ 8D2 24 24D3 24D*  8D6 = 8D6
10°bs 2DR . (R+DL
b o5 208 p (R22) 3
8 D6 Q p o? o2L ( )

If we define G11(R,L) in such way that
2—3611(R, L)equals equation 25

Hence from 25 expected backorder cost for the bs factor equals
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G (R,L) =261 (R+Q,1) (32)
11

Similarly from (4) expected backorder cost at time t + L + T for the bs factor

b

ES(Gll(R,T +1L)— G (R+Q,T+1L)) (33)
No of cycles = 1/

Hence expected backorder costs per year excluding the cost based on the number of stockout is

= g—;(Gl(R.T +1L)—G,(RL)—G(R+QT+L)+G(R+Q,L))
+%(63(R,T +L)—G3(R, L) —Gs(R+Q,T+L)+Gs(R+Q,L))

2(6u® T+ = 6u(RL) =GR+ QT +1) +Gu(R +Q,1))

The inventory cost for the quadratic backorder costs is equal to the inventory costs for the linear backorder
costs plus the factor

RC SPORT

—+
T T

+hc(Q +R-DL —?) +%(61(L,R +L)—-G,(RL)—G,(R+QT+L)+G,(RL))

(hc+by) (63(R,T +L)—G;(R+Q,T+L)+G3(R + Q,L))

+QT

+%(611(R,T + L) - Gll(R,L) — Gll(R + Q,T + L) + Gll(R + Q,L))
+ o (RT+1L) = G(R,L) = Gy(R+Q,T + L) + G4(R + Q, L) (35)
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