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Abstract  
Global optimization problems in engineering often require robust algorithmic solutions due to nonconvex 

and constrained objectives. This study presents a Bayesian Optimization framework using Gaussian 

process surrogates to tune the parameters of Differential Evolution (DE) and Particle Swarm Optimization 

(PSO) under a fixed evaluation budget. The approach is tested on three classical constrained design 

problems—the welded beam, pressure vessel, and compression spring—using a penalty formulation for 

constraints and early stopping for efficiency. SMBO-tuned configurations outperform or match default 

settings, achieving improved solution quality and stability across multiple independent trials. These results 

support the role of automated surrogate-based tuning in enhancing metaheuristic reliability for constrained 

engineering applications. 

 

Keywords: DE, PSO, Bayesian optimization, parameter tuning, constrained design 
 
1. Introduction 
Global optimization methods are often required in engineering design, since many real-world problems are 
nonlinear, complex, and constrained [1, 2]. Within this context, metaheuristic algorithms have become 
increasingly important, with two of the most widely studied approaches being differential evolution (DE) 
and particle swarm optimization (PSO). DE [3] is an evolutionary algorithm characterized by relatively few 
control parameters, whereas PSO [4] is a swarm intelligence method that incorporates additional parameters 
but offers greater flexibility. Both algorithms are widely adopted because they cope effectively with 
nonconvex, black-box, and constrained objectives, making them powerful tools for global optimization [5]. 
However, their performance is highly sensitive to parameter settings such as population or particle size, 
iteration budgets, and control coefficients, whose default values seldom generalize well across problems. 

This motivates the use of sequential model-based optimization (SMBO) [6], a Bayesian Optimization 
framework often implemented with Gaussian process surrogates [7], to systematically optimize the 
parameters of DE and PSO. The idea of surrogate-based global optimization originates with Bayesian 
formulations [8] and was first practically realized in the efficient global optimization (EGO) algorithm, 
which combined Gaussian processes with the expected improvement criterion [9]. Building on this 
foundation, the sequential parameter optimization (SPO) methodology integrated design of experiments, 
surrogate modelling, and sequential sampling to tune optimization algorithms [10]. Subsequent work 
extended SPO into variants such as SPO+ [11], while the SPOT toolbox [12] provided a practical framework 
for automated and interactive tuning. Finally, SMBO was formalized for general algorithm configuration, 
with SMAC addressing categorical parameters and multiple-instance settings [6]. Beyond algorithm 
configuration, Bayesian Optimization has also gained wide adoption in machine learning for hyperparameter 
tuning. Our earlier research employed Bayesian Optimization (BO) to improve regression models for salary 
prediction, confirming its effectiveness in achieving higher predictive accuracy than default baselines [13]. 
Building on these findings, the current study extends the application of Bayesian Optimization from 
machine learning hyperparameter tuning to optimizing the control parameters of DE and PSO in constrained 
engineering design applications. 

In this work, we adopt a Gaussian process-based SMBO (GP-SMBO) approach [14]. GP-SMBO is not 
applied directly to the engineering design problems but operates at the meta-level [15], tuning the 
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parameters of DE and PSO to improve their effectiveness on constrained benchmarks such as the welded 
beam (WBD), pressure vessel (PVD), and compression spring (CSD) problems. 

The main contributions of this study are fourfold. First, we design a budget-matched sequential model-
based optimization (SMBO) tuning loop that systematically explores parameter configurations while 
enforcing equal effective objective evaluations to ensure fair comparison. 
Second, we employ a simple penalty formulation for constraints, allowing differential evolution (DE) and 
particle swarm optimization (PSO) to operate in their standard forms without specialized feasibility 
operators. Third, we introduce lightweight early-stopping criteria based on tolerance and patience 
thresholds, improving computational efficiency without compromising interpretability or reproducibility. 
Finally, we conduct a statistically grounded evaluation across multiple random seeds, applying 
nonparametric significance tests and descriptive summary statistics to assess stability and robustness. 
Collectively, these contributions establish a disciplined and reproducible SMBO framework. This 
framework enables the systematic tuning and fair comparison of DE and PSO in constrained engineering 
design problems under fixed computational budgets. 
 
2. Literature Review 
The use of population-based methods such as differential evolution (DE) and particle swarm optimization 
(PSO) in global optimization has become widespread, and both algorithms have been extensively applied to 
engineering and scientific problems over the last twenty-five years. Over the past two decades, DE has been 
extended through self-adaptive and strategy-adaptive variants that dynamically adjust control parameters 
during the run, improving robustness across problem classes [16, 17, 18]. Recently, DE has remained one of 
the most competitive metaheuristics for global optimization, with numerous variants applied to benchmark 
functions and engineering design problems. These advances also encompass hybridization strategies, where 
DE is combined with other metaheuristics or learning-based approaches to improve robustness, scalability, 
and convergence behavior [19, 20, 21]. 

In parallel, numerous modifications and hybridizations of PSO have been introduced to overcome 
premature convergence and enhance performance, including adaptive inertia weights and the constriction 
factor approach [22, 23], as well as hybridization methods designed to solve nonconvex problems [24] and 
integration strategies that combine PSO with other metaheuristics [25]. Beyond these advances, PSO 
continues to demonstrate adaptability and effectiveness across diverse fields, including engineering design, 
energy systems, and healthcare [26, 27]. Comparative analyses further highlight their complementary 
strengths, with DE often achieving superior solution accuracy and robustness, while PSO offers faster 
convergence and simpler implementation [28]. 

While numerous modifications of DE and PSO have been proposed, their performance remains highly 
sensitive to parameter settings such as population size, mutation or acceleration coefficients, and iteration 
budgets. Selecting these parameters appropriately is challenging, as default values rarely generalize well 
across different problems. Beyond pure Bayesian Optimization, hybrid approaches have been developed that 
integrate Gaussian processes (GP) with population-based methods. For instance, GP has been combined 
with PSO to approximate the fitness landscape and accelerate convergence while reducing the number of 
expensive function evaluations [29]. Similarly, GP has been integrated with differential evolution within an 
SMBO framework, where DE serves as a meta-optimizer for acquisition functions in complex or non-
continuous parameter spaces [30]. Related work in AutoML has also demonstrated hybrid strategies, where 
evolutionary algorithms such as GA, DE, and CMA-ES are used to optimize BO acquisition functions for 
parameter search [31]. 

Earlier, Bayesian Optimization had already been explored for evolutionary algorithm parameter tuning 
[32], where an offline BO-based tuning strategy employing a hybrid kernel and an evolutionary algorithm 
was proposed, demonstrating improved performance on flow-shop scheduling benchmarks. Subsequent 
studies have proposed SMBO-based frameworks for tuning metaheuristics, such as the MetaTuner approach, 
which employs sequential optimization of perturbed regression models to identify effective parameter 
settings and assess parameter relevance [33]. Hybrid Bayesian–evolutionary optimization strategies have 
been introduced, demonstrating the benefits of combining BO with evolutionary search [34]. Further, [35] 
applied a Bayesian Optimization approach to tune genetic algorithm parameters for practical-oriented pickup 
and delivery problems, demonstrating that BO can effectively enhance evolutionary algorithm performance 
in real-world applications. More recently, this line of work was extended to a grouping genetic algorithm, 
where BO-based configuration improved solution quality in multi-depot pickup and delivery problems with 
time windows [36]. 

Their results showed significant improvements in global optimization performance, highlighting the 
continuing trend of combining surrogate modelling, hybridization, and adaptive strategies to strengthen 
evolutionary algorithms. The most recent applied research has demonstrated the integration of Bayesian 
Optimization into PSO to dynamically refine its hyperparameters in neural network fault diagnosis tasks 
[37]. 

Building on previous research, this work extends the sequential model-based optimization (SMBO) 
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framework by integrating Gaussian process surrogates to configure DE and PSO parameters for constrained 
engineering design problems under a fixed evaluation budget. 
 
3. Methodology 
3.1. Benchmark Design Problems 

The effectiveness of sequential model-based optimization (SMBO) for parameter tuning of DE and PSO 
is evaluated using three classical constrained engineering design problems widely recognized as benchmarks 
in the optimization literature [2]. The welded beam design problem seeks to minimize fabrication cost while 
satisfying structural constraints on shear stress, bending stress, buckling load, and deflection. The pressure 
vessel design problem aims to reduce the total cost of materials, forming, and welding, subject to nonlinear 
constraints on thickness, volume, and stress. The compression spring design problem focuses on minimizing 
the spring’s weight while meeting restrictions related to shear stress, surge frequency, and deflection. 
Collectively, these benchmarks reflect the nonlinear and highly constrained nature of real-world engineering 
design tasks and are widely employed in studies of constraint-handling techniques, including self-adaptive 
penalty formulations [38, 39].  

For a constrained optimization problem: 
          ( )          (1) 

              ( )                  (2) 

  ( )                 (3) 

The penalized fitness is expressed as: 

  ( )   ( )  ∑      (    ( ) )
   

   ∑     ( )
  

      (4) 

where  ( ) is the objective function,   ( ) are the inequality constraints,   ( ) are the equality constraints, 
  ,    are the penalty coefficients that control the severity of constraint violations. 

The constraints in the welded beam, pressure vessel, and compression spring design problems are handled 
using a static penalty method. Specifically, constraint violations are squared and scaled by a fixed 
coefficient (     ). Penalty functions have long been employed in evolutionary optimization, starting 
from early quadratic formulations [40] and later reviewed extensively in surveys of constraint-handling 
methods [41]. 
 
3.2. Metaheuristic Algorithms 
Differential evolution evolves a population of candidate solutions through mutation, crossover and selection, 
controlled primarily by the population size (  ), mutation factor ( ) and crossover rate (  ). In our 
implementation, the DE/rand/1/bin strategy was used [16]. 

A ring-topology PSO with velocity clamping was adopted, where particle velocities were limited to a 
fraction of the search span to prevent divergence [42]. Its key parameters include the number of particles 
( ), inertia weight ( ) and acceleration coefficients (     ), complemented by a velocity clamp factor. The 
role of velocity clamping has been widely studied in the PSO literature [43, 44] and more recently extended 
through adaptive strategies such as PSO-SAVL [45]. 

To ensure efficient convergence, termination was enforced using a MaxDist criterion for DE and a 
MaxDistQuick criterion for PSO. For differential evolution, the MaxDist criterion terminates the run once 
the maximum distance between all individuals and the best vector falls below a small threshold, indicating 
complete population convergence. 

For Particle Swarm Optimization, the MaxDistQuick criterion applies the same principle but only to the 
best     of particles, efficiently detecting convergence when most of the swarm has stabilized while a few 
remain unsettled [46]. 

Both algorithms were executed under comparable computational conditions to ensure reproducibility and 
fairness in subsequent comparisons. The parameter ranges explored for DE and PSO during the sequential 
model-based optimization process are summarized in Table 1. These intervals were selected based on 
established practices in the literature and preliminary sensitivity analyses, ensuring that the search space 
captured both commonly used and empirically effective configurations. 

 

Table 1. Parameter settings and ranges for DE and PSO algorithms 

Algorithm Parameter Value 

 
Population size              

 
Mutation factor   0.30        

DE Crossover rate                 

 
Stopping criterion MaxDist 
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3.3. Sequential Model-Based Optimization 
A sequential model-based optimization (SMBO) framework was employed [6, 14], in which Gaussian 
process surrogates with Matern and radial basis function (RBF) kernels modelled algorithm performance, 
and the acquisition function sequentially proposed new control-parameter configurations under a fixed 
evaluation budget. Both Matern (  = 2.5) and RBF (squared exponential) kernels were considered [47]. At 
each stage, the surrogate adaptively selected the kernel that best fits the observed data, with a constant 
kernel serving as a scaling factor and a white-noise kernel accounting for stochastic perturbations. The 
acquisition function gp_hedge dynamically balanced exploration and exploitation by combining expected 
improvement (EI), probability of improvement (PI), and upper confidence bound (UCB). Initialization relied 
on a Sobol quasi-random design to ensure broad coverage of the parameter space. Within each Bayesian 
iteration, the Gaussian-process surrogate was updated sequentially using newly evaluated configurations 
until no improvement exceeding a tolerance of      was observed for 40 consecutive iterations, triggering 
early termination.  

This perspective aligns with the fixed-budget view in algorithm configuration [6], as well as [33], who 
explicitly evaluate their SMBO-based MetaTuner framework under a fixed evaluation budget. 
 
3.4 Statistical Evaluation 
Both DE and PSO, in their default configurations, were executed under a fixed evaluation budget of 40,000 
function evaluations to ensure that all comparisons across algorithms and tuning strategies were conducted 
under identical computational resources. In the case of SMBO, early stopping criteria sometimes resulted in 
runs completing slightly below the maximum budget, since further evaluations were unlikely to improve 
performance. This design prevents redundant fitness calls while preserving fairness across experimental 
conditions. 

For each benchmark problem, 20 independent runs were performed using both default and SMBO-tuned 
configurations. Performance was summarized by the mean and standard deviation of the best-found fitness 
values Table 4. 

To assess whether SMBO-tuned configurations achieved statistically significant improvements over the 
default settings, the Wilcoxon signed-rank test [48, 49] was applied to paired best-fitness values obtained 
from independent runs. The null hypothesis (  ) stated that no significant difference exists between the 
compared algorithms, while the alternative hypothesis (  ) assumed a significant performance difference. 
The resulting  -values quantify the evidence against    smaller values indicate stronger evidence that the 
null may not hold. Although a 5% significance level (      ) is conventionally adopted, the results are 
interpreted in terms of the  -values themselves, providing direct statistical evidence. The Wilcoxon test is 
widely recommended for evaluating stochastic optimization algorithms [50, 51]. 
 
4. Results and Discussion 
The performance of DE and PSO under default configurations across the three constrained engineering 
design problems is presented in Table 2. The evaluation budget was progressively increased in three stages, 
from 30,000 to 50,000 evaluations. Convergence was not yet achieved in the initial stage, whereas the latter 
two yielded identical objective values, confirming that convergence was reached at 40,000 evaluations. 

For WBD, DE achieved a better objective value (1.724854 vs 1.724927) compared to PSO, both under the 

fixed evaluation budget. On PVD, DE slightly outperformed PSO (5870.124 vs. 5887.886), while on CSD, 

DE achieved a slightly lower objective value (0.012665) compared to PSO (0.012666), indicating that both 

algorithms converged to essentially identical solutions. These results suggest that DE typically produces 

more stable solutions than PSO in WBD and PVD, whereas both methods exhibit equivalent performance in 

CSD. 

 

 

 
Number of particles          

 
Inertia weight ( )             

PSO Cognitive coefficient                 

 
Social coefficient                 

 
Velocity clamp factor                         

 
Stopping criterion MaxDistQuick 

Both Evaluation budget 40,000 function evaluations 
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Table 2. Best results obtained with default DE and PSO 

Problem Algorithm Best value Parameters 

 
DE 1.724854 

                
             

WBD 
 

PSO 
 

1.724927 

               

          

              

           
 

 
DE 5870.124 

                
             

PVD PSO 5887.886 

                

          

              

           

 
DE 0.012665 

                
             

CSD PSO 0.012666 

               

         

               

           

 
 
These results show that even without tuning, both DE and PSO are capable of achieving competitive 

solutions under equal computational budgets. Similar findings have been reported in the literature, where a 
variety of metaheuristic algorithms, including Levy-flight, hybrid CPSOGSA, PSO variants, and other bio-
inspired methods, have been successfully applied to classical benchmark design problems [52, 53, 54, 55, 
56, 57]. 

On the WBD problem, both SMBO-DE and SMBO-PSO, using the Matern kernel, reached the best-
known objective value with slightly fewer effective evaluations than the full computational budget Table 3. 

 
Table 3. SMBO-tuned metaheuristic configurations WBD, PVD, CSD problems 

Algorithm WBD PVD CSD 

SMBO-DE Matern kernel RBF kernel Matern kernel 

Best value 1.724853 5870.124 0.012665 

 

Best parameters 

       

        

         

          

      

        

         

          

      

        

         

          

Effective 

evaluations 

39,984 39,999 39,951 

SMBO-PSO Matern kernel RBF kernel RBF kernel 

Best value 1.724852 5885.343 0.012666 

 

 

Best parameters 
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Effective 

evaluations 

40,000 40,000 39,933 

 
For the PVD, SMBO-DE (RBF kernel) achieved a marginal improvement (5870.124) over the default DE, 

while SMBO-PSO (RBF kernel) also improved relative to the PSO default (5885.343). For the CSD 
problem, SMBO-DE (Matern kernel) achieved a best objective value of 0.012665, identical to the value 
obtained by the default DE. Although the improvement achieved by SMBO-PSO in the CSD problem 
appears numerically insignificant, the tuned configuration demonstrated greater computational efficiency 
and stability. Overall, the SMBO framework consistently identified competitive or improved solutions 
through optimized parameter settings, such as reduced population or particle sizes and adapted control 
coefficients 

The effective evaluation counts for SMBO-based runs are occasionally slightly below the fixed budget 
Table 3. This occurs because the SMBO framework applies early stopping once convergence is reached, 
thereby avoiding redundant evaluations. Importantly, this does not affect fairness, since all algorithms 
operated under the same nominal budget of 40,000 function evaluations. 

To evaluate the effectiveness and robustness of the SMBO-tuned models, a statistical analysis was 
conducted over 20 independent runs for each algorithm–problem combination. On the WBD problem, 
SMBO-DE achieved a slightly better mean and reduced variance compared to the default DE, while SMBO-
PSO produced a substantial reduction in variance, indicating more stable convergence behavior across runs, 
as shown in Table 4. 

Table 4. Statistical results across 20 independent runs 

Problem Algorithm Mean Std 

 DE 1.724854 8.23E−07 

WBD SMBO-DE 1.724852 5.63E−07 

 PSO 1.725040 2.36E−04 

 SMBO-PSO 1.724852 1.10E−06 

 DE 5870.124 1.58E−05 

PVD SMBO-DE 5870.124 4.00E−06 

 PSO 5885.826 5.81E−01 

 SMBO-PSO 5885.334 6.11E−03 

 DE 0.0126652 8.88E−11 

CSD SMBO-DE 0.0126652 1.16E−15 

 PSO 0.0126731 1.58E−05 

 SMBO-PSO 0.0126718 1.36E−05 

 
For the PVD problem, both SMBO-DE and SMBO-PSO outperformed their default counterparts, 

achieving lower mean objective values and markedly reduced variance, with SMBO-PSO exhibiting a 
particularly strong improvement in stability. In the CSD problem, the SMBO-DE results remained 
marginally better than those of the default DE, while SMBO-PSO again exhibited lower variability 
compared to its untuned counterpart Table 4. Overall, the SMBO framework consistently maintained or 
improved the mean objective values and substantially reduced variance, particularly for PSO, confirming its 
effectiveness in enhancing robustness, stability, and reproducibility across optimization runs. 

The results of the Wilcoxon signed rank test were obtained from 20 independent runs conducted under a 
fixed evaluation budget Table 5. This non-parametric test was used to assess whether the performance 
differences between the default and SMBO-tuned algorithms were statistically significant. 

 
Table 5. Wilcoxon signed-rank test   -values 20 runs, fixed budget 

Probl
em 

DE vs. SMBO-DE (  -
value) 

PSO vs. SMBO-PSO (  -
value) 

WBD 1.68E−04 1.91E−06 
PVD 4.77E−05 3.81E−06 
CSD 1.91E−06 5.96E−01 

 
For the WBD problem, both DE and PSO exhibited highly significant improvements when tuned with 

SMBO (         ). In the PVD problem, the results were even more decisive, with both SMBO-DE and 
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SMBO-PSO clearly outperforming their default counterparts (           ). For the CSD problem, only 
SMBO-DE showed a statistically significant improvement (        ), while the difference between PSO 
and SMBO-PSO was not significant (         ), reflecting their nearly identical performance Table 5. 

Although SMBO-DE and DE achieved nearly identical mean and variance values in the CSD problem, the 

Wilcoxon signed-rank test indicated statistical significance (        ). This outcome can be attributed to 

the test’s sensitivity to consistent directional improvements across runs, even when numerical differences 

are extremely small. The result suggests that SMBO-DE produced slightly more reliable convergence 

behavior over multiple trials. Overall, the Wilcoxon analysis confirms that SMBO provides statistically 

significant improvements in most cases, particularly for WBD and PVD, whereas CSD remains a more 

challenging problem in which gains are less pronounced. 

 
5. Conclusion 
This study implemented an automated Bayesian optimization framework, employing sequential model-based 
optimization (SMBO) with Gaussian process surrogates, to systematically tune the control parameters of 
differential evolution (DE) and particle swarm optimization (PSO) in three classical constrained engineering 
design benchmarks, namely the welded beam, the pressure vessel, and the tension or compression spring 
design problems, under a fixed computational budget. The metaheuristic models were maintained in their 
standard form without introducing algorithmic modifications, while SMBO was used specifically to 
optimize their parameter settings automatically. 

The results demonstrated that SMBO consistently improved or maintained the quality of solutions while 
reducing variance across multiple independent runs. These effects were most pronounced for PSO, where 
the variance decreased by one to two orders of magnitude, indicating a substantial gain in convergence 
stability and robustness. For DE, SMBO achieved smaller but consistent improvements, and the Wilcoxon 
signed rank test confirmed statistically significant differences in most cases. In the more challenging 
compression spring problem, the SMBO tuned DE produced results nearly identical to those of the default 
DE but showed greater consistency across runs. In contrast, the SMBO tuned PSO maintained comparable 
performance with no statistically significant difference. 

Overall, the findings support the idea that SMBO provides a reliable and automated strategy for parameter 
tuning, grounded in statistical modelling rather than manual experimentation. By integrating Bayesian 
Optimization into the tuning process, this approach enhances both solution reliability and reproducibility in 
the application of DE and PSO to constrained engineering design.  

Although the three benchmark problems examined, namely the welded beam, pressure vessel, and 
compression spring, represent simplified design formulations, they capture essential characteristics of real-
world engineering tasks. The observed improvements obtained through SMBO tuned configurations of DE 
and PSO demonstrate the potential for broader adoption of such meta optimization frameworks in practical 
mechanical and industrial design problems, where systematic parameter tuning is essential for achieving 
reliable and cost-effective solutions. 

 
6. Future Work 
Future research will focus on applying the SMBO-DE and SMBO-PSO frameworks to real world problems 
that are nonlinear and constrained. Such problems often arise in practical domains such as energy, 
transportation, and manufacturing, where objectives are complex and multiple limitations must be satisfied. 
Extending the proposed approach to these realistic applications will demonstrate its capability to enhance 
solution quality, stability, and robustness in real decision-making environments. 
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